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Trajectory simulations by the numerical solution of the point-mass

equations of motion for 7.62 mm/.308" rifle,bullets
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National Institute of Criminology and Forensic Science, New Delhi, India

ABSTRACT

BACKGROUND: The understanding of the dynamics of the trajectory isdmportantin ballistics to estimate
the values of various flight variables accurately. The paper deals with the study of'the fundamental principles
of external ballistics, which allows to delve into the trajectory characteristigs,ofithe free flight trajectory of
seven. 308" caliber bullets by numerically solving the point-massgequations of motion. Numerical solutions
were performed by writing scripts in the Python programming language andWising the Matplotlib library to
plot simulated trajectories.

AIM: the three aims of the study were to observe the variatign of Cp with Mach number (Ma) of flight and
calculate an average Cp for each bullet under consideration:{Eurther, solving the 3-DoF (Degrees-of-
Freedom) Point-Mass trajectory equations of motion for the given billets (along side observing the effects
of range winds on the trajectory behaviour as a variable). And finally, solving the flat-fire approximation
with analysis of the effects of a crosswind.

MATERIALS AND METHODS: Simulations of free-flight trajectories of seven different 7.62 mm/.308"
rifle bullets (designated BO—B6) have been carried out by thethumerical solution of the equations of motion.
The average drag force coefficients (Cp) for B0—B6 haye been €alculated by scaling the variation of Cp with
the Mach number of flight with reference to the G7 standard projectile. The Point-Mass trajectory model
and its Flat-Fire approximation have been studied with and witheut the effect of range winds. The solutions
of the systems of equations have been carried out by writing scripts in the Python programming language.
RESULTS: It is observed that an increase in the bullet weight and consequently the sectional density lowers
the Cp. As expected, it is seen that the bulletgWith,thethighest drag (B0O) has the shortest range and lowest
apogee, while lower drag bullets fly furthet and higher. The crossover of trajectories is observed at ~30°
angle of gun elevation, which impliesfthat the,maximum range is not achieved when fired at 45°, as is the
case with vacuum trajectories. Flat-fire*approximation of the point-mass model was also solved to observe
trajectories and crosswind deflections of the'Bullets when fired at <5° angles of elevation.
CONCLUSION: This project presents the numerical solution of equations of motion of the Point-Mass
model for a bullet fired from a“gun to computationally simulate its trajectory. A group of seven
7.62 mm/.308" rifle bullets were ¢hosendas, samples to simulate free-flight trajectories. The programming
language Python is well-equippedito carty out numerical solutions of systems of differential equations
owing to its library of in-built, fuméfions which assists in writing an efficient script and reduces
computational load. This method ofysolution can be applied with suitable modifications in the field of
forensic ballistics for the reconstfuction of bullet trajectories and to form a conclusion based on the available
evidence from a crime séefie.
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MoaenupoBaHue TpaeKTopum nosieTa BAHTOBOYHOW Nynu#anmopa
7,62 mm/0,308 Aroima NnyTemM YMCIIEHHOro pelueHus ypaBReHUn
ABWXEHUA MaTepuanbHOWN TOUYKM

Soham Gangopadhyay, Richa Rohatgi
National Institute of Criminology and Forensic Science, New Delhi, India

AHHOTAUNUA

Axmyanvhocms. I TOUHOW OLEHKH Pa3IMYHBIX MEPEMEHHBIX MOJCTQ CHapsIa B OAJIMCTHUKE BaXKHO
NOHUMAaHUE JUHAMHKH €ro TpacKTopuHu. CTaThsl MOCBAIICHA HW3YyYeHHIO\(YHAAMEHTAIBHBIX MPUHIIMIIOB
BHEIIHEH OaJUIMCTHKH, YTO IO3BOJISIET PACCMOTPETh XapaKTepUCTHKE, TPAEREOPHH CBOOOTHOTO mosieTa 7
nyab kanuopa 0.308 mrofiMa myTeM YHCIEHHOTO pelIeHUs ypaBHeHHH ABKKCHUS MaTepHaIbHOW TOUYKH.
YucneHHbIe pelieHust IPOU3BOIUIINCH IyTeM HAalMCaHHsl CKPHUIITOB HapI3BIKE MporpaMMupoBanus Python
Y HCTOJIb30BaHus Oubanoreku Matplotlib a1 mocTpoeHus rpa@)MKOB,CMOACTUPOBAHHBIX TPACKTOPUH.
Llens. llenu wuccrnemoBaHusi BKIIOYadW HaOmoAeHue 4@a, (M3MeHeHueM Kod(pduuueHTa J000BOTO
conportusneHus (Cp) B 3aBUCUMOCTH 0T unciia Maxa (Ma) noncTay ergucicHue cpearero Cp uist Kaxaoi
paccMaTpuBaeMoil Iy, pelieHie YpaBHEHUH TPAeKTOPUHN ABMWKCHUAMAaTEpHaIbHOM TOUKH € 3 CTENeHIMU
CBOOOJBI IS 33JaHHBIX MYJIb (Hapsdy ¢ HaOJIOJCHHWEM 3a BO3ARHCTBHEM NPOJOIBHOM COCTaBISIOMICH
0aJUIMCTUYECKOTO BETpa Ha TIOBEACHUE TPACKTOPHU B KaY€ELBE IIEPEMEHHOI), a TAKKe alMPOKCHMALIIO
TPaeKTOPHUH TOJIETa IPH HACTUIBHOW CTpenbOe oA BO3AGHCTBHEM OOKOBOTO BETpa.

Mamepuanst u memodsl. MonenupoBaHue TpPaceKTOPUH WCBOOOIHOIO ToNeTa 7 pa3iNUYHbIX IIyJb
BUHTOBOYHOTO HarpoHa kKamuOpom 7,62 mm/0,308%mioiimal (BO-B6) BBIMONHSIM MyTeM YUCICHHOTO
peienuss ypaBHeHud apwxkenus. Cpennne koddduuuentsl Cp mis myns B0-B6 Berumcisimm mytem
MacmTabupoBanus Bapuauii Cp B 3aBHCUMOCTH, OT 4Hcia Maxa 1ojeTa OTHOCHUTEIBHO CTaHIapTHOTO
cHapsiza ¢opmbl G7. Mopenb TpaeKTOpUM IBMXKEHUS MaTepHaTbHOHW TOYKH M aNNpPOKCUMALHUIO0 TpH
HACTUJIBHOW CcTpenb0e M3ydanu ¢ y4eToM H 0e3 y9eEa MpoJoJIbHOTO BeTpa. PemeHus cucteM ypaBHEHUI
MPOU3BOAMIIN ITyTEM HAMMCAaHUs CKPUIITOB HASI3BIKE ITporpammupoBanust Python.

Pe3ynbmamel. 3ameueHo, 4TO yBeIMUGHHE Beca Iyl U, COOTBETCTBEHHO, TIONEPEYHON HATPY3KH CHIKAET
Cp. Kak u oxunanoch, myns ¢ HauOOmbIMEM_IOOOBEIM comnpotuBieHueM (B0) mMeeT HaMMEHBIIYIO
JAIBHOCTh TOJIETA M CaMyI0 HHU3KYH) “BBICOTY B amoree, TOr/a KakK IyJId C MEHBIIUM JIOOOBBIM
COIIPOTHUBIICHHUEM JIETST Jajiblle U Bole. [[epeeeuenue TpaekTopuii HabII0AaeTCs IPU YTIIe BO3BBIIICHUS
opyxust ~30°, U3 yero cieayer, 880 MaKCHUMalbHas AaJbHOCTb HE JOCTHIAeTCs TIPU CTPENILOE MO YIioM
45°, KaK B cly4yae ¢ TPAaCKTOPUSMUBIOC3BO3IYITHOM MIpOoCcTpaHcTBe. Jisi HaOmoaeHHS 32 TPACKTOPHAMHU
NojeTa W OTKJIOHEHHEM MyJb Ipu OOKOBOM BETpe BBHINMOJHEHA AalpPOKCHMAIMS MOJACIH JIBHXKCHUS
MaTepHaJbHOM TOUYKH MPH HACTWIIBHOW CIpenbOe Mo yrilaMy BO3BBIILICHUS MeHee 5°.

3aknwuenue. B nanHoi paboTempeICTABICHO YNCICHHOE PELICHNE YpaBHEHUH IBIKEHHUS MaTepUaIbHON
TOYKHM JUIsl ITyJd BUHTOBOYHOTOAlafpoHa C LEeNbI0 KOMIBIOTEPHOTO MOJEIMPOBAHHS €€ TpaeKTopuu. B
KadecTBe 00pa3LoB A MOACTIMPOBaHNS TPAaeKTOpHU CBOOOTHOTO MoJieTa Oblia BEIOpaHa rpymia u3 7 myJib
kaauopa 7,62 mm/0,308m0iiMa. “A3pik nporpammupoBanus Python Xxopomo moaxoauT AJsl YUCIEHHOTO
pewenust cucteM auddepcHUEANLHBIX ypaBHEHUI Omaromapsi OMOIMOTEKE BCTPOCHHBIX (YHKIUH, C
MOMOIIBIO KOTOPOH M@SKHOMAMcaTh 3 (QEeKTUBHBIN CKPUNT U CHU3UTH BHIYUCIUTENBHYIO HATPY3KY. DTOT
METO/ pelICHUs] MOKET ObITh) IPUMEHEH C COOTBETCTBYIOLIMMH MOAM(UKALUSAMHU B OONACTH CyAEOHOM
OaJUTMCTHUKH /17151 PEKOHCTPYKITNH TPACKTOPUH IyJb U (JOPMUPOBaHMS 3aKJIIOYSHHUS HA OCHOBE UMEIOLIIXCS
VIIMK C MECTa NpeeTyIleHIS

KaroueBblie ciioBa:OamcTiuyeckiii KoapuuueHT, kodpdunueHt 1o0oBoro comnpoTtusienus, Python,
MaTepHajbHas TOUKa, HACTHIIbHAS CTPesib0a, TPAaeKTOpUHU
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INTRODUCTION

The modern word ‘Ballistics’ has roots in the Greek word ‘Bailewv’, meaning ‘to thuews modern
meaning of ballistics encompasses the motion of bodies projected at far greater velo an human
physiology can allow. These projectiles are propelled by the force of combustien o wder or other
solid fuel compounds, moving under the forces of gravity and other forces due to t ojectile’s shape and
motion. A gun, or a firearm, is essentially a heat engine of Victorian design [1 h& of thrust is the
conversion of the chemical energy stored in the gunpowder, which is converted i t apon combustion.
The barrel is the cylinder through which the rapidly expanding gases push omfithe base of the bullet (the

piston in the heat engine analogy), while the breech/bolt remains locked agains eactive force of the
cartridge case. Modern ammunition is a self-contained round comprising of the er, projectile and the

primer in a brass/steel/plastic case. These rounds can be loaded individua to amber by the shooter
or automatically loaded from a magazine, which feeds the gun. The flight of the bullet from the point it
S

leaves the muzzle of the gun until it impacts upon the target is studied un ior ballistics. The correct
mathematical modelling of the bullet trajectory is necessary to correc cribe the flight of the spinning
projectile in varying complexities. To estimate the values of vatieus ht variables accurately, the
understanding of the dynamics of the trajectory is important in ballistic

Forensic science is defined as the application of scientific i
assistance in legal proceedings. Forensic ballistics involve
scenes where there has been a discharge of one or more fire

ion of available evidence for the
is of evidence gathered in crime

ty of impact of the bullets fired from
different guns. Different muzzle velocities and angles of firin in trajectories that vary in height, range

of exterior ballistics, which will delve into
the trajectory characteristics of the free flight of a rifle bulletsThe results of the present work will contribute
of evidence in a shooting incident and for

various bullets can assist in the process of cr cene reconstruction at the scene of crime or in the
laboratory for estimating the position of the shoote angle of firing and the type of firearm used.

Aim of the study: Write Python scripts fg erical solution of systems of differential equations;

Observe the variation of Cp with Ma er (Ma) of flight and calculate an average Cp for each bullet

an‘mput for solving the 3-DoF (Degrees-of-Freedom) Point-

iven bullets, along with observation of the effects of range

under consideration; Use the average
e flat-fire approximation with analysis of the effects of a

Mass trajectory equations of motion for t
winds on the trajectory behaviour; Solution o
crosswind.

MATERIALS AND METHODS

STUDY DESIGN
The present work is a report study of the free-flight trajectory of seven bullets of .308" calibre by the
numerical solution of t i equations of motion. The numerical solutions have been carried out
by writing scripts in the%gramming language and using the matplotlib library to plot the simulated
trajectories.
METHODS
Bullet Data. Seven bu e been chosen for observation. All the bullets have a calibre of 7.62 mm or
308", but they v el nd construction. The following table gives the physical data of the bullets
(Table 1).
Table 1. Data of bullets BO to B6 chosen for trajectory analysis
Bullet Ballistic
Nomenclatu Referenc Weight Image Coefficient
re e (grains) Data
7.62 mm Ball [2;3p. 147 <170 0.1
MS80 62] 0 fps 97
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0
- 0.2
2500 00
fps
>250 0.2
0 fps 05
<180 0.3
0 fps 87
1800
FMJBT - 0.3
Bl 4
#2115 (4] 2800 97
fps
>280 0.4
0 fps 08
<180 0.3
0 fps 55
1800
s — 2800 97
B2 HPBT #2190 [5] 150 fips
warfing: >280 0.4
0 fps 17
<180 0.3
0 fps 60
1800
- 0.3
| s 2800 68
B3 SBT [6] 150 fps
\ >280 0.3
0 fps 80
<160 0.4
0 fps 19
1600
- 0.4
2400 09
4 SBT #2145 [7] 165 fios
>240 0.4
0 fps 04
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BS

TMK #2200

(8]

0.4
80

0.5
21

0.5
35

0.4
85

0.4
96

7 B6 HPBT #2275 [9] 175

fps

>280
0 fps

en estimated by using the experimentally
their bullets [10]. The Ballistic Coefficient
o the near and far velocities of the bullet by
[11, 12]. The space function S(V) values

Aerodynamic Drag Coefficient. The drag coefficien %
measured Ballistic coefficients published by Sierra Bu C
(BC) from live firings of a bullet can be calculated by measutin
velocity measurement systems placed a standard distance apa

which can be read out from the standard refere rojectile firing table are then used to calculate the BC
of the given bullet by,
X
v) = SWVY
where

X = distance between velocity m
V= muzzle velocity, or near velocity
v = remaining velocity, or far veld
(V), S(v) = Space function values ofyf espoding velocities.

Sierra bullets presents BC v in velocity bands since the form factor changes with velocity/Mach
number of flight. The BC is ted as,

rement systems;

w Ib
sc = /7000 (_S)

\ ~ a2 \in2
where
w = weight of the bu );
d = reference dia ca ;

i = form factor.
From which we

O . /7000
d? BC"

The form factorithus calculated gives the ratio of the actual bullet drag coefficient Cp to that of the standard
(Corer) imilar shape for the velocity range over which the BC is measured [13, 14].

<
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i = .

- CDref
The variation of the Cp with Ma of the G7 projectile used as the reference for caleulati efficient of
drag for the bullets under consideration is given below (Table 2).

Table 2. Data for the variation of Cp with Ma of the G7 standard projectile \

Mach C

Number D
0 120
0.5 119
0.6 119 S
0.7 120
0.8 124 \\
0.9 146
0.95 205 Q
1.0 380
1.05 404
1.1 401
12 388
1.3 373

1.4 358
1.5 344
1.6 332
1.8 312
2.0 298

The Point-Mass Trajectory Model. T
earth-fixed coordinate system (X, y, z ‘
the bullet is assumed to be concentrate oint, which negates the analysis of the orientation of the bullet
body with respect to the velocity vector/traje . The simplest model of projectile motion is a point-mass
vacuum trajectory. The vacuum tgajectory does not take into account any forces acting on the projectile to
retard it, except the gravitational atfraction pulling it towards the ground. The vacuum trajectory is a
combined motion of uniform hor @ nslation and gravity accelerated vertical motion, and was first
stated mathematically in its correefyformyby Galileo. However, though simple to describe and solve for a
trajectory the vacuum trajecto only be an approximation of actual motion of a projectile, especially
for light bullets moving at hi oéities. The vacuum trajectory provides a good approximation for slow-

moving heavy projectiles. Fo lets the aerodynamic drag is an important phenomenon which requires to
%u

be accounted for while its equations of motion. For a point-mass assumption, such that the
entire mass of the projectile centrated at a mathematical point, leads to the assumption that lift and
Magnus forces are smi@ erywhere along the trajectory in comparison to the drag force. Hence the
aerodynamic drag and @ are the only significant forces acting on the bullet.

The drag force coefficient,(Cp) is the proportionality constant which relates the drag force experienced by
a moving body tots e esentation and its velocity. The drag force is always directed opposite to the
velocity vector, i e of the direction the projectile is pointing in, hence the negative sign. If the long
axis coincides wit clocity vector in zero-yaw flight, the drag force coefficient is only Cpy, the zero-
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where
p = density of the medium; S = reference area/ar eSentation;
Cp =%ir, goefficient;
V= elocity vector;
locity magnitude;
i = unit vector c e tion of the velocity.
Hence, the Point-Mass equations of motion are as follows: S

= —ChVV, \
—CpVV, — g
= —CLVV,
where,
, sc

Throughout the present work, a single sign cowand system of units has been used. The x, y and z

RETRTSS
Il

axes are in a right-handed coordinate system, he positive x-axis pointing downrange, the positive y-

axis pointing vertically upwards and the positi pointing to the right across the range (| ).

y-axis : vertical dir.

projectile trajectory

gun muzzle /
trajectory origin

e

Zz-axis : crossrange

point of impact

x x-axis : downrange

Fig. 1. System of axes for ballistic range [15].

The syst used is the Imperial system or the Foot-Pound-Second (FPS) system of units due to

conveni€nce inftranslating available literature data for use in the computation. Hence all muzzle velocities
are in feepper second, the acceleration due to gravity has an average value of 32.174 ft/s* and so forth.

Flat- Approximation. The flat-fire approximation of the point-mass trajectory equations stems

ption that the components of velocity along the y and z axes during the entire flight of the

b ¢ much smaller in magnitude than the x-axis component. Thus, Vy, V, << V,, considering x-axis to
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be positive along the downrange direction. Thus, the scalar velocity magnitude V is appreXimated®y Vi,
which reduces the point-mass equations to the flat-fire trajectory equations, as follows:

= —Cpl? ¢ O

Vs
b = G, N
V, = —CpliV.
where
The equations from the analytical solution of the flat-fire trajectory considesing stant drag coefficient
are:
r= 2o
Ve
t=X.(r-1/V
tanp = tang@y — —
1 1
Y=1Y, +X.tanq)0—zgt2 [E+ ‘1—(r—1)‘2.1n(r)],
where the independent variable is the downrange distan me t is the independent variable and
Vs = X — component of the muzzle velocity;
. = X — component of the instantenous velocity;
X s position of the point — mass along the x — axis;
Y = inst nous positin of the point — mass along the y — axis;
— component of the initial position of the point — mass;
@ = angleo ,or the initial angle of inclination of the velocity vector;
@ = instantenous angle of inclination of the velocity vector.
The equation of motio n z-axis is transformed to V, = —C)V,(V, — W,) in the presence of a
crosswind, where I, is the ind velocity.
Mathematically, the d ion along the z-axis due to a crosswind is given by:
— _X
z=w;.(e=%, ).
where t is th ua‘ of flight and X /V is the time in which the bullet will travel to the same range

without any @rag acfing on it (i.e., in vacuunif.’The difference in these two flight times is called the lag time
and the crosswind effectively can act on the bullet for this duration only.
RESULTS AND DISCUSSION

AERODY DRAG COEFFICIENT

has published BC data for the range of their manufactured bullets and those were used in the
sc get outputs of a Cp vs. Ma plot up to 4.0 Ma with reference to the variation of Cp with Mach
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number of the G7 standard projectile, and also an average Cp was calculated for use in subs
BC data for BO was extracted from McCoy [2].

The average Cp calculated are reported in the sequence of increasing bullet weights (0 e results

for B0 to B6 are presented below.

Table 3. The calculated average Cp and Sectional Density of bullets B0 to B6 ¥

Bullet &_e;ignl;; Construction Sectional Density (Ibs. Cpavg
BO 147 FMJ 0.221 0.2915
Bl 150 FMJ 0.226 0.1508
B2 150 HPBT 0. 0.1599
B3 150 SBT & 0. 0.1623
B4 165 SBT 0. 0.1569
BS 168 TMK : 0.1328
B6 175 HPBT 64 0.1407

Note: v™i — Full Metal Jacket; HPBT — Hollow Point Boattail; SBT — Spitzer Boattail (So MK — Tipped MatchKing [8].
Plots for the variation of the Cp with Ma are given for bul@ﬁ& The behaviour of the other bullets

follows a similar trend (Fig. 2, 3).

Variation of Drag Coefficient with Mach Number

0.45 subsonic region (\ supersonic region
0.40 -

T

1 ~

--- G7 standard projectile
— 7.62mm M80

025

Drag Coeff, (Cd)
-

S

transonic
region

00 02 04 06 08 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44
ach No

Fig. 2. Cp vs. Ma, BO. \w

O
S
Y.
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Variation of Drag Coefficient with Mach Number

~—- G7 standard projectile
— .308" HPBT
0.45 subsonic region supersonic region

° e
g 2
o E}

Drag Coeff, (Cd)

2
o
4

015

transonic
region

Fig. 3. Cp vs. Ma, B6.

It is observed that for the three 150 gr. Bullets (B1 — F ;5 B2 — HPBT; B3 — SBT) there is a
progressive increase in the average Cp. As the BC data indicates, in the subsonic regions, FMJBT has the
highest BC among the three, and the lowest Cp below 18 he HPBT however, has a lower drag
coefficient than the FMJBT and the SBT in the supersg
Of the six chosen Sierra bullets, it is evident that the dsag
of the bullet increases and consequently the sectional dens
(B4) [0.1569]). The 175 gr. Bullet should have the lowest
group is the 168 gr. TMK (B5) as there is a slig
hollow point.

ime.

ficient shows a decreasing trend as the weight
(150 gr. SBT (B3) [0.1623] > 165 gr. SBT
ong this trend. However, the lowest in the

The data for BCs for the bullet designated BOgha n extracted from McCoy where table of striking
distance versus velocity is given for the 7.6 08" Ball M80. The variation in Cp vs. Ma for B0 has

spark photography. The average Cp for the 147 gr.
lot"shows that the form factor is greater than 1 w.r.t. the G7
standard. On the other hand, all the Sierra s have i values about 0.5.

17the highest Cpavg=0.291, has the shortest range, while B5
gto the higher drag experienced by B0, its trajectory past its apogee
e of impact is highest in the group at -77.263°. Similarly, B5 has the
B6 is very close at an angle of -73.008°. BO to B6 show a sequence

is steeper and consequently it§"a
lowest angle of impact of -72

of increasing ranges as K
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Point-Mass Trajectory

Trajectory height (yds.)
=
@
=
28

100 V4 d

—— B0 with Cdrag: 0.291

—— B1with Cdrag: 0.1508
—— B2 with Cdrag: 0.1599
— B3 with (drag: 0.1623
—— B4 with Cdrag: 0.1569
—— B5 with Cdrag: 0.1328
86 with Cdrag: 0.1407

S

]

1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000 6500

Range (yds.)

7000 7500

Fig. 4. Free-flight trajectory of bullets BO to B6, fired at 35¢

Table 4. Trajectory simulation parameter outputs of BO to B m

of motion, V¢=2800 fps

olution of 2-d Point-Mass equations

Bullet Range (yards/metres) Time of flight (seconds)
BO 3186.740/2913.955 28.82
Bl 5493.006/5022.804 36.73
B2 5245.051/4796.074 35.99
B3 5183.528/4739.818 35.80
B4 5738.268/5247.072 37.44
B5 6625.684/6058.525 39.87
B6 6539.687/5979.889 39.65

B2 trajectories are simulated at 20°,
from 20° to 30° but a subsequent incr

observe this crossing over of trajectorie
and 38 degrees (Fig. 5, 6; * The crosso

0° angles of firing. It is seen that the range increases
ole results in a higher apogee but a decreased range. To

trajectories were plotted for firing at 15, 20, 25, 28, 30, 35,

T trajectories are observed to start between 28° to 30°.

Point-Mass trajectory of bullet of weight 150.0 grains with Cdrag: 0.1599

2900 q
2800 4
2700 4
2600 4
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2300 1
2200 1
2100 1
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Trajectory height (yds.)

—— angle of firing: 20.0
— angle of firing: 30.0
—— angle of firing: 35.0
— angle of firing: 45.0
—— angle of firing: 50.0

o
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Range (yds.)

3500 4000 4500 5000 5500 6000

Ft multiple angles (a).
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Paint-Mass trajectory of bullet of weight 150.0 grains with Cdrag: 0.1599
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1500
1400
1300 4
1200
1100
1000 4
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Trajectory height (yds.)

700
600 4
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400 4
3001
200

100 4

Range (yds.)

Fig. 6. B2 fired at multiple angles (b).

Table 5. Range of free flight of B2 when fired at different ang

o 500 1000 1500 000 2500 3000 3500 4000 4500

=2800 fps

Bullet Angle of firing (degrees) Range (yards/meters)
B2 15 4936.238/4513.696
20 5191.294/4746.919
25 5309.688/4855.178
28 5328.453/4872.338

5321.757/4866.215

5245.051/4796.074

5160.387/4718.657

4860.199/4444.166

4563.071/4172.472

Point-mass equations of motion were
of various directions of constant wind
tailwind (+ve x-axis, 25fps) at 30°. It is seen

30
35
38
4
5
-dimensional wind vector as input to observe the effects

ajectory characteristics. Bullet B2 was projected with only a
t the tailwind extends the range by around 250 yards and

the angle of impact is flattened 7° from 70°. The time of flight is only increased by 0.1s while the
trajectory height increases by 8 ya ig. 7).

Q;T
O
O
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Point-Mass trajectory of bullet of weight 150.0 grains and Cdrag: 0.1599 with 3-dim wind vector
Range (yds.)

o 1000 2000 3000 4000 5000
! -|.IEDO
| - ¥ \

200>

5.

1001

| l‘ﬁ(yd

-]
. Secmry heig

=800

4400

— [Wx, Wy, Wz]=0,0,0
— [Wx, Wy, Wz] =25,0,0

Fig. 7. B2 fired with no wind and only tailwind.

PROGRAM OUTPUT
Wind =0, 0, 0 the time of flight is 32.58 s the an, impact is -70.22946346976369 degrees the range is:
5321.906787596593 yards the maximum ht, of “the trajectory is: 1554.237484123316 yards the
ind 0 the time of flight is 32.68 s the angle of impact is -
: 4.052637946189 yards the maximum height of the trajectory
in trajectory is: 0.0 yards
ith various combinations of wind vectors, as given below

deflection in trajectory is: 0.0 yards
67.17979848766699 degrees the rang
is: 1562.7391482428018 yards the de
Further trajectory plots were generated for

(Fig. 8; 6). ~<
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O
O
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Table 6. B3 range and apogee for firing with various wind combinations

Bulle Wx Wy W. Range Apogee iation
t (f;) s (f;) s (ff s (yards/meters) (yards/meters) )metres
B3 0 0 0 5234.379/4786.31 1530.815/1399.7 79/483.52
6 7
20 0 10 5435.989/4970.66 1537.820/1 17.96/565.06
8 2
10 0 25 5337.571/4880.67 1534.947/ 745.86/682.01
5 5
15 12 28 5434.904/4969.67 1571.343/14 784.40/717.25
6 6
25 20 10 5568.686/5092.00 ‘597. /1461.09 630.43/576.46
6
FLAT-FIRE TRAJECTORY
Flat-fire trajectory plots were generated for bullets BO to B6 for i le of 0.2° (12°) with a muzzle
velocity of 2800 fps (Fig. 9).
as0 Flat-fire trajectory
Fig. 9. Flat-fire trajectory of 0 thru B6.
Similar to the point-ma jectonies, as expected, the lowest range is covered by B0, and the maximum by
BS5. The parameters of the'trajectory obtained as the program output are given in .

Table 7. Flat-fire traje ulation parameter outputs of BO to B6 fired at an elevation of 12°, V(=2800

fps
Bullet eters) Apogee (yards/meters) Time of flight
(seconds)

B0 13003467/2746.55 303.05/277.11 14.11

Bl .00/4514.39 458.03/418.82 17.61

B2 7.00/4331.51 442.80/404.89 17.30

B3 687.00/4285.79 438.99/401.41 17.22
5135.34/4695.75 472.80/432.33 17.92
5838.67/5338.88 524.00/479.15 18.94
5772.00/5277.92 519.17/474.73 18.85
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Being fired at a low angle of elevation, the apogee of the trajectories are around 4 times s
fired at 35°. The range of flights are not reduced to the same extent however, with BO fallin
yards when compared to its 3186.74 yards range when fired at 35°. Similarly, the range§*ofiB
shorter distances than when fired at 35°, but not to the magnitude of the shortened trz @
time of flight of the bullet is significantly shorter when compared to high angle ofielevatien g, with the
flat-fired bullet taking around half the time as it took when fired high at 35°. \

orie

One characteristic that is immediately evident is that unlike the crossover of t high-angles of

fire, increasing the angles of firing from 0.05° to 0.2° causes a progressive increas range (Fig. 10;
), which is termed as ‘rigid trajectory’. The change in elevation angle ¢ increase in trajectory
height directly in proportion to the range. The trajectory behaves as if it is rofati ly about the origin.

w Flat-fire trajestory of bullet of weight 150.0 grains with Cdrag: 0.1599

—— arrgle of firing: 0.05
— arale af firing: 9.08
uea —— angle atfinrg: 0.1
— argle of firing: 0.1
— argle af firieg: 0.2

ik

L

500

A

Trajectory height {yds.|

300

200

140

o 500 1000 1500 2000 2300 3000 500 4300 4300 5000
Range (yds.)

Fig. 10. B2 fired at multiple angles (flat-fi

Table 8. Range of free flight for flat fire at iple angles for bullets B2

Bullet Angle of firing,(degrees/minutes) Range (yards/meters)
2870.34/2624.63
3485.34/3186.99

B2 3783.67/3459.78

4337.00/3965.75
\.2/12 4737.00/4331.51
3-dimensional trajecto

constant crosswing cts . BO to B6 are projected at 0.2° with a simulated constant crosswind of 10 fps
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Fig. 11. Multiple trajectories at 15 fps (b: up-range view).
Table 9. Deflection in trajectory for B0 to two crosswind velocities
Deflection (yards/meters)
Bullet W,=15 fps
BO 54.47/49.81
Bl 61.67/56.39
B2 61.14/55.91
B3 61.01/55.78
B4 .39/37.84 62.09/56.77
B5 42.29/38.66 63.43/58.00
B6 42.23/38.61 63.35/57.92
STUDY LIMITATION IT'URE SCOPE
Since, a Ballistic TestingiRange was unavailable for use, therefore, live firings of the 7.62 mm/.308" rounds

al free-flight trajectories could not be documented for validation against

velocity used for
would have dllowed, the author to simulate the trajectory for evaluation with the actual measured muzzle
velocity as ifiput int@|the program.
Furtherm allistic coefficients of the particular bullets could not be estimated for comparison and
verification of the published data, the process of which requires multiple velocity measurement systems or
doppler'tadar apparatus to measure near and far velocities of the bullet. High-speed photography of the
firing wo e allowed the estimation of the CD from data reduction. Moreover, CFD analysis could not
for the estimation of the aerodynamic coefficients due to lack of expertise in handling CFD
] such as ANSYS Fluent and the lack of actual bullet samples and data regarding geometric
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dimensions of the different bullets. An attempt at the solution of the 6-DoF equations of m@tion could not
be carried out due to lack of academic expertise and experience in the field of ballistics and range work.
Further studies along the lines of this project can be carried out for the verification of thefpublished BC data
by various manufacturers for their products, rifle and handgun bullets alike. Trajectori€s for impact at short
and intermediate ranges can be simulated, especially for the investigation of urban gumshotrime scenes
involving firing at close ranges.

The drag coefficient can be calculated by scaling reference drag coefficient table,by an“@ppropriate form
factor of the projectile. The form factor of a projectile can be theoretically calculated byusing its geometric
dimensions, as suggested by Savastre et al. (2020) [16] and previously by Surdrefial. (2015) [17]. Savastre
et al. report that longer ballistic caps result in a low form factor/shape indeX amd thus face a lower
aerodynamic drag during flight. The usual method of calculating form factors of\a bullet is by test firing a
round to measure the ballistic coefficient across various velocity ranges, available n the form of compiled
data published by manufacturers, such as one by Sierra Bullets [10]. Reddy et al.|(2018) [18] reported their
work on modelling of an AK-47 7.82 mm bullet to compute the Cpat MachZganid the solution of a flat fire
trajectory using C++ programming. Their result for the value ofithe dragycoefficient has a 4% error from
previously published data, and the simulated flat-fire trajectory has at&ported error of <0.01%. The authors
have also investigated the effects of change in altitude on the rangesand tetininal velocity of the bullet.

CONCLUSION

This project presents the numerical solution of equations of metien of the Point-Mass model for a bullet
fired from a gun to computationally simulate its trajectonys, A group of seven 7.62 mm/.308" rifle bullets
were chosen as samples to simulate free-flight trajectories. “Thefprogramming language Python is well-
equipped to carry out numerical solutions of systems ofidiffetential equations owing to its library of in-built
functions which assists in writing an efficient script and reduces computational load.

This method of solution can be applied with suitable modifieations in the field of forensic ballistics for the
reconstruction of bullet trajectories and to form a conclusion‘based on the available evidence from a crime
scene. Any forensic ballistic expert with an understanding of the fundamental principles of ballistics can
apply this computational method to find a solutiomyef the flight of a bullet and build an overview to a great
extent of the crime scene layout from evidentialydata.
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	Trajectory simulations by the numerical solution of the point-mass equations of motion for 7.62 mm/.308" rifle bullets
	ABSTRACT

	Моделирование траектории полета винтовочной пули калибра 7,62 мм/0,308 дюйма путем численного решения уравнений движения материальной точки
	Аннотация

	通过求解质点运动方程的数值进行7.62毫米/0.308英寸步枪子弹的弹道模拟
	简评
	Introduction
	Materials and methods
	Study design
	Methods
	𝐵𝐶=,𝑋-𝑆,𝑣.−𝑆,𝑉..,
	𝐵𝐶=,,𝑤-7000.-,𝑑-2.𝑖. ,,𝑙𝑏𝑠-,𝑖𝑛-2...,
	𝑖= ,,𝑤-7000.-,𝑑-2. .𝐵𝐶..
	𝑖= ,,𝐶-𝐷.-,𝐶-,𝐷-𝑟𝑒𝑓....
	,𝑉. = ,𝑑𝑉-𝑑𝑡.= ,,𝑉.-𝑥.,𝑖.+ ,,𝑉.-𝑦.,𝑗.+ ,,𝑉.-𝑧.,𝑘.= −𝜌,𝑆,𝐶-𝐷.-2𝑚..𝑉,𝑉.+ ,𝑔.,
	𝜌= 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑒𝑑𝑖𝑢𝑚; 𝑆= 𝑟𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑎𝑟𝑒𝑎/𝑎𝑟𝑒𝑎 𝑜𝑓 𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛;
	,𝐶-𝐷.= 𝑑𝑟𝑎𝑔 𝑓𝑜𝑟𝑐𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡;
	,𝑉.= 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑣𝑒𝑐𝑡𝑜𝑟;
	𝑉= 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑚𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒;
	,𝑖.= 𝑢𝑛𝑖𝑡 𝑣𝑒𝑐𝑡𝑜𝑟 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦.
	,,𝑉.-𝑥. = −,𝐶-𝐷-′.𝑉,𝑉-𝑥. ,,𝑉.-𝑦. = −,𝐶-𝐷-′.𝑉,𝑉-𝑦.−𝑔 ,,𝑉.-𝑧. = −,𝐶-𝐷-′.𝑉,𝑉-𝑧.
	,𝐶-𝐷-′.= 𝜌,𝑆,𝐶-𝐷.-2𝑚.;
	𝑉= ,,𝑉-𝑥-2.+ ,𝑉-𝑦-2.+ ,𝑉-𝑧-2.., 𝑡ℎ𝑒 𝑠𝑐𝑎𝑙𝑎𝑟 𝑚𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦.
	,,𝑉.-𝑥.= −,𝐶-𝐷-′.,𝑉-𝑥-2. ,,𝑉.-𝑦.= −,𝐶-𝐷-′.,𝑉-𝑥.,𝑉-𝑦. ,,𝑉.-𝑧.= −,𝐶-𝐷-′.,𝑉-𝑥.,𝑉-𝑧..
	𝑟= ,,𝑉-,𝑥-0..-,𝑉-𝑥...            ,𝑘-1.=,𝜌𝑆,𝐶-𝐷.-2𝑚..
	𝑡=𝑋.,(𝑟−1)-,𝑉-,𝑥-0...,ln-,𝑟....
	,tan-𝜑.=,tan-,𝜑-0..−,𝑔𝑡-,𝑉-,𝑥-0....,,1-2.,1+𝑟...
	𝑌= ,𝑌-0.+𝑋.,tan-,𝜑-0..−,1-2.𝑔,𝑡-2.,,1-2.+,,𝑟−1.-−1.−,,𝑟−1.-−2..,ln-,𝑟... ,
	,𝑉-,𝑥-0..=𝑥−𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑢𝑧𝑧𝑙𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦;
	,𝑉-𝑥.= 𝑥−𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒𝑛𝑜𝑢𝑠 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦;
	𝑋=𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒𝑛𝑜𝑢𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡−𝑚𝑎𝑠𝑠 𝑎𝑙𝑜𝑛𝑔 𝑡ℎ𝑒 𝑥−𝑎𝑥𝑖𝑠;
	𝑌=𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒𝑛𝑜𝑢𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡−𝑚𝑎𝑠𝑠 𝑎𝑙𝑜𝑛𝑔 𝑡ℎ𝑒 𝑦−𝑎𝑥𝑖𝑠;
	,𝑌-0.=𝑦−𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡−𝑚𝑎𝑠𝑠;
	,𝜑-0.=𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑓𝑖𝑟𝑖𝑛𝑔, 𝑜𝑟 𝑡ℎ𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑣𝑒𝑐𝑡𝑜𝑟;
	𝜑=𝑖𝑛𝑠𝑡𝑎𝑛𝑡𝑒𝑛𝑜𝑢𝑠 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑖𝑛𝑐𝑙𝑖𝑛𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑣𝑒𝑐𝑡𝑜𝑟.
	𝑍=,𝑊-𝑍..,𝑡−,𝑋-,𝑉-,𝑥-0.... ,


	Results and discussion
	Aerodynamic Drag Coefficient
	Note: FMJ ― Full Metal Jacket; HPBT ― Hollow Point Boattail; SBT ― Spitzer Boattail (Soft-nosed); TMK ― Tipped MatchKing [8].

	The Point-Mass Trajectory
	Program Output
	Flat-Fire Trajectory
	Study limitations and future scope

	Conclusion
	Additional information
	References
	Authors’ info




