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MopenvpoBaHue TpaeKTOpUM NONETA BUHTOBOYHOM Sk
nynu Kanuébpa 7,62 mM/0,308 piovima nyTém

YMCJIEHHOr0 peLleHUs YPaBHeHUW ABUKEHUA

MaTepuasibHOU TOYKM

Soham Gangopadhyay, Richa Rohatgi

National Institute of Criminology and Forensic Science, New Delhi, India

AHHOTAUNA

06ocHoeaHue. [N TOYHOW OLEHKW Pa3nMyHbIX MEPEMEHHBIX MONETA CHapsAAa B DaniUCTUKe BaXHO MOHMMaHWe OMHa-
MUKM ero TpaeKTopumn. CTaTbs NOCBALLEHA U3Y4eHMI0 QYHAAMEHTAMIbHBIX NPUHLMMOB BHELUHEN BanUCTUKK, YTO NO3BONSET
PaccMOTpeTb XapaKTepUCTUKM TpaeKkTopumn cBoboaHoro nonéta nynb kanubpa 0.308 atoiiMa Yepes uMCNEHHOe peLLeHne ypaB-
HEHWUW ABVXEHWUS MaTepuanbHOM TOUKU.

Llenu uccnedosanus — HabniofeHne 3a u3MeHeHneM KoadduumeHTa nobosoro conpotusnenmns (Cp) B 3aBUCUMOCTH
oT u1cna Maxa (Ma) v BbicoTbl NONETA, @ TakxKe BbluMCieHne cpefHero Cy AnA Kax/oi paccMaTpuBaeMon Nynu; peLleHue
YPaBHEHWIA TPAEKTOPUM [BUKEHUS MaTepUanbHOM TOUKKM C TpeMs CTEMeHAMM cBOBOAbI AN1S 3a[aHHbIX NySb, BKIKYas Ha-
bniofieHre 3a BO3AeEHCTBMEM NMPOAONBLHON COCTaBNAIOLEN BaIMCTUUECKOro BeTpa Ha NoBeAeHWe TPAeKTOpUM B KauecTe
nepeMeHHOM M annpoKcMMaLmeid TpaeKTopuu NONETa NpK HacTWibHOK cTpenbbe NoA Bo3delcTBueM HoKoBOro BeTpa.

Mamepuan u Memodel. MopienvpoBaHue TpaeKTopuii CBOHOAHOMO NONETA CEMU Pa3NMYHBIX MY/b BUHTOBOYHOTO NaTpoHa
Kanubpa 7,62 mm/0,308 ptoiiMa (BO—-B6) BbINOAHANM NYTEM UMCNEHHOTO peLLeHUs ypaBHEHWUN ABUKeHUS. CpeaHue Koaddu-
umentbl Cy ang nynb B0-Bé Bbluncnanu npu nomolLm Maclutabuposanus sapuaumin Cy B 3aBucuMocTi oT uncna Maxa nonérta
OTHOCWTESIbHO CTaHAapTHOro cHapaaa ¢opmel G7. Moaenb TpaeKTopuu ABUMKEHWS MaTepuanbHOM TOYKW WU annpoKCUMaLMIo
NpW HaCTUNbHOM cTpenbbe n3yyanu c/6e3 yuéTta NpoAoabHOro BeTpa. PelueHne cucTeM ypaBHEHWIA BbINOIHEHO NOCPEACTBOM
HanWCcaHWs CKPUNTOB Ha A3biKe nporpamMmupoBaHus Python u ucnonb3osanus 6ubnuoteku Matplotlib ans noctpoenus rpa-
(VKOB CMOENMPOBAHHBIX TPAEKTOPUIA.

Pe3ynemamel. OTMeyeHo, 4To yBENNYEHWe BECa MyNK W, COOTBETCTBEHHO, NONepPeYHomn Harpysku cHikaet Cp. Kak n oxu-
panock, Nynsa c Havwbonbwum oboBbIM conpoTuBneHneM (BO) UMeeT HauMeHbLLYK AanbHOCTb MOMETA M CaMylo HU3KYIO
BbICOTY B anoree, TOrAa Kak Myau € MeHbLUMM NOBOBLIM CONPOTUBNEHWEM NETAT Aanblue U Bbilwe. [lepeceyeHne TpaeKTo-
puin HabnofaeTca Npu yrne Bo3BbileHUs opyxus ~30°, U3 Yero cnefyet, YTO MaKCUManbHas LaNbHOCTb He AOCTUraeTcs
npu cTpenbbe nog yrnom 45°, Kak B cnyyae ¢ TpaekTopusMu B 6e3Bo3aylWwHOM npocTpaHcTBe. [na Habmogenns 3a Tpaek-
TOPUAMM MONETA U OTKIIOHEHWEM MyJib NpK BOKOBOM BeTpe BbIMOSHEHA ANMPOKCUMALMSA MOLENWU ABUKEHWUS MaTepuasibHoOM
TOYKM NPU HaCTUNBHOM cTpenbbe nof yrnamu Bo3BbILLEHUS MeHee 5°.

3arnoyenue. B paboTe npefcTaBieHO YMCIEHHOE PELUEHWE YPABHEHWI ABUXKEHWUS MaTepUanbHOM TOUKKM LIS Ny BUH-
TOBOYHOO NMaTPOHa C Leb0 KOMMbIOTEPHOTO MOJENMPOBaHUA €€ TpaeKTopuu. B KauecTBe 06pasLoB Ang MoaenupoBaHus
TpaeKTopuii cBoboHOro NoéTa Obina BbibpaHa rpynna us cemMu nyfb kanubpa 7,62 MM/0,308 ptoiimMa. A3bik nporpaMMupo-
BaHus Python xopoLuo noaxoauT Ans YUCIEHHOO peLleHus cucTeM AnddepeHUmManbHbIX ypaBHeHUA bnaropaps bubnuotexe
BCTPOEHHbIX (YHKLMM, C MOMOLLbBK KOTOPOW MOXHO HanucaTb 3Q(EKTUBHBIN CKPUNT M CHU3UTb BbIYMCIUTENBHYIO Harpy3Ky.
Takoi MeTof peLleHusi MOXKET ObiTb MPUMEHEH C COOTBETCTBYHOLMMM MOAU(UMKauMaMu B obnactn cynebHon 6anamctmkm
ANS PEKOHCTPYKLMM TPAEKTOPUM MyNib 1 HOPMUPOBAHNSA 3aKIIIOYEHNS HA OCHOBE UMEIOLLMXCS YUK C MeCTa NpecTynieHus.

KnioueBble cnoBa: bannuctuueckuit KoapduumeHT;, KoadduumeHT noboBoro conpotusnenus; Python; MaTepuanbHas
TOYKa; HaCTUNbHasA CTpesibba; TpaeKTopuu.
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Trajectory simulations by the numerical solution
of the point-mass equations of motion
for 7.62 mm/.308" rifle bullets

Soham Gangopadhyay, Richa Rohatgi

National Institute of Criminology and Forensic Science, New Delhi, India

ABSTRACT

BACKGROUND: The understanding of the dynamics of the trajectory is important in ballistics to estimate the values of
various flight variables accurately. The paper deals with the study of the fundamental principles of external ballistics, which
allows to delve into the trajectory characteristics of the free flight trajectory of seven. 308" caliber bullets by numerically
solving the point-mass equations of motion. Numerical solutions were performed by writing scripts in the Python programming
language and using the Matplotlib library to plot simulated trajectories.

AIM: the three aims of the study were to observe the variation of C with Mach number (Ma) of flight and calculate an average
C, for each bullet under consideration. Further, solving the 3-DoF (Degrees-of-Freedom) Point-Mass trajectory equations of
motion for the given bullets (along side observing the effects of range winds on the trajectory behaviour as a variable). And
finally, solving the flat-fire approximation with analysis of the effects of a crosswind.

MATERIALS AND METHODS: Simulations of free-flight trajectories of seven different 7.62 mm/.308" rifle bullets (designated
B0-B6) have been carried out by the numerical solution of the equations of motion. The average drag force coefficients (Cp)
for BO-B6 have been calculated by scaling the variation of C, with the Mach number of flight with reference to the G7 standard
projectile. The Point-Mass trajectory model and its Flat-Fire approximation have been studied with and without the effect of
range winds. The solutions of the systems of equations have been carried out by writing scripts in the Python programming
language.

RESULTS: It is observed that an increase in the bullet weight and consequently the sectional density lowers the C;. As
expected, it is seen that the bullet with the highest drag (B0) has the shortest range and lowest apogee, while lower drag bullets
fly further and higher. The crossover of trajectories is observed at ~30° angle of gun elevation, which implies that the maximum
range is not achieved when fired at 45°, as is the case with vacuum trajectories. Flat-fire approximation of the point-mass
model was also solved to observe trajectories and crosswind deflections of the bullets when fired at <5° angles of elevation.

CONCLUSION: This project presents the numerical solution of equations of motion of the Point-Mass model for a bullet fired
from a gun to computationally simulate its trajectory. A group of seven 7.62 mm/.308" rifle bullets were chosen as samples
to simulate free-flight trajectories. The programming language Python is well-equipped to carry out numerical solutions of
systems of differential equations owing to its library of in-built functions which assists in writing an efficient script and reduces
computational load. This method of solution can be applied with suitable modifications in the field of forensic ballistics for the
reconstruction of bullet trajectories and to form a conclusion based on the available evidence from a crime scene.

Keywords: ballistic coefficient; drag coefficient; Python; point-mass; flat-fire; trajectories.
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BACKGROUND

The modern word ‘Ballistics’ has roots in the Greek
word ‘BaMAelv’, meaning ‘to throw’. The modern meaning
of ballistics encompasses the motion of bodies projected
at far greater velocities than human physiology can allow.
These projectiles are propelled by the force of combustion
of gunpowder or other solid fuel compounds, moving under
the forces of gravity and other forces due to the projectile’s
shape and motion. A gun, or a firearm, is essentially a heat
engine of Victorian design [1]. The source of thrust is the
conversion of the chemical energy stored in the gunpowder,
which is converted into heat upon combustion. The barrel
is the cylinder through which the rapidly expanding gases
push on the base of the bullet (the piston in the heat engine
analogy), while the breech/bolt remains locked against the
reactive force of the cartridge case. Modern ammunition is
a self-contained round comprising of the powder, projectile
and the primer in a brass/steel/plastic case. These rounds
can be loaded individually into the chamber by the shooter or
automatically loaded from a magazine, which feeds the gun.
The flight of the bullet from the point it leaves the muzzle
of the gun until it impacts upon the target is studied under
exterior ballistics. The correct mathematical modelling of the
bullet trajectory is necessary to correctly describe the flight
of the spinning projectile in varying complexities. To esti-
mate the values of various flight variables accurately, the
understanding of the dynamics of the trajectory is important
in ballistics.

Forensic science is defined as the application of scientific
investigation of available evidence for the assistance in legal
proceedings. Forensic ballistics involves the analysis of
evidence gathered in crime scenes where there has been a
discharge of one or more firearms. In investigation of crimes
involving gun shots, it is important for the expert to have
knowledge of basic ballistic behaviour of bullets regarding
the range, time of flight, the angle and attitude of impact
and the velocity of impact of the bullets fired from different
guns. Different muzzle velocities and angles of firing result
in trajectories that vary in height, range and shape for bullets
of different calibres and constructions.

The present work reports a study of the fundamental
principles of exterior ballistics, which will delve into the
trajectory characteristics of the free flight of a rifle bullet.
The results of the present work will contribute to the body of
knowledge of forensic ballistics for the analysis of evidence
in a shooting incident and for the formation of opinion
regarding a case by the forensic expert. The data about flight
characteristics of various bullets can assist in the process
of crime scene reconstruction at the scene of crime or in
the laboratory for estimating the position of the shooter, the
angle of firing and the type of firearm used.

Aim of the study: Write Python scripts for the
numerical solution of systems of differential equations;
Observe the variation of C, with Mach number (Ma) of
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flight and calculate an average C, for each bullet under
consideration; Use the average C, as an input for solving
the 3-DoF (Degrees-of-Freedom) Point-Mass trajectory
equations of motion for the given bullets, along with
observation of the effects of range winds on the trajectory
behaviour; Solution of the flat-fire approximation with
analysis of the effects of a crosswind.

MATERIALS AND METHODS
Study design

The present work is a report of the study of the
free-flight trajectory of seven bullets of .308" calibre by
the numerical solution of the point-mass equations of
motion. The numerical solutions have been carried out
by writing scripts in the Python programming language
and using the matplotlib library to plot the simulated
trajectories.

Methods

Bullet Data. Seven bullets have been chosen for obser-
vation. All the bullets have a calibre of 7.62 mm or .308",
but they vary in weight and construction. The following table
gives the physical data of the bullets (Table 1).

Aerodynamic Drag Coefficient. The drag coefficient has
been estimated by using the experimentally measured Bal-
listic coefficients published by Sierra Bullets for their bul-
lets [10]. The Ballistic Coefficient (BC) from live firings of a
bullet can be calculated by measuring the near and far ve-
locities of the bullet by velocity measurement systems placed
a standard distance apart [11, 12]. The space function S(V)
values which can be read out from the standard reference
projectile firing table are then used to calculate the BC of the
given bullet by,

X

P s sy
where X = distance between velocity measurement systems;
V = muzzle velocity, or near velocity; v = remaining velocity,
or far velocity; (V), S(v) = Space function values of the
correspoding velocities.

Sierra bullets presents BC values in velocity bands since
the form factor changes with velocity/Mach number of flight.
The BC is calculated as,

w
sc = 17000 (lb_S)
dzi in2/)’

where w = weight of the bullet (grains); d = reference diam-
eter (calibre); i = form factor.
From which we get,

. /7000
a2 BC"
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Table 1. Data of bullets B0 to Bé chosen for trajectory analysis
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Bullet Ballistic Coefficient
Sl. No. — - - Image
Designation | Nomenclature | Reference | Weight (grains) Data
<1700fps  0.197
7.62 mm Ball 1700-
1 B0 o 2; 3p. 62] 147 20fs 0200
>2500 fps  0.205
fv % <1800 fps  0.387
2 B FMJBT #2115 4] 150 zéggnf;s 0.397
% >2800 fps  0.408
ﬁf» <1800 fps 0355
3 B2 HPBT #2190 5] 150 zégg”f'ps 0.397
uhq'
22800 fps  0.417
r 5 <1800 fps 0360
4 B3 SBT #2125 (6] 150 zégg”f‘ps 0.368
% >2800 fps  0.380
{ 5 <1600fps 0419
5 B4 SBT #2145 7] 165 Zlgg”f‘ps 0.409
= »2400 fps  0.404
b é <1650 fps  0.480
6 BS TMK #2200 8] 168 zégg[}‘ps 0.521
52050 fps 0535
r 5 <1800 fps  0.485
7 B HPBT #2275 9] 175 zéggﬂf‘ps 0.496
Matehfing’
»2800 fps  0.505
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The form factor thus calculated gives the ratio of the
actual bullet drag coefficient Cj, to that of the standard (C,,)
with a similar shape for the velocity range over which the BC
is measured [13, 14].

Cp

CDref

I =

The variation of the C; with Ma of the G7 projectile used
as the reference for calculating the coefficient of drag for the
bullets under consideration is given below (Table 2).

The Point-Mass Trajectory Model. The 3-DoF Point-
Mass model of projectile motion considers just the earth-
fixed coordinate system (x, y, z), hence, the three degrees
of freedom. The entire mass distribution of the bullet is as-
sumed to be concentrated at a point, which negates the ana-
lysis of the orientation of the bullet body with respect to the
velocity vector/trajectory. The simplest model of projectile
motion is a point-mass vacuum trajectory. The vacuum tra-
jectory does not take into account any forces acting on the
projectile to retard it, except the gravitational attraction pull-
ing it towards the ground. The vacuum trajectory is a com-
bined motion of uniform horizontal translation and gravity
accelerated vertical motion, and was first stated mathemati-
cally in its correct form by Galileo. However, though simple
to describe and solve for a trajectory the vacuum trajectory
can only be an approximation of actual motion of a projec-
tile, especially for light bullets moving at high velocities. The
vacuum trajectory provides a good approximation for slow-
moving heavy projectiles. For bullets the aerodynamic drag is
an important phenomenon which requires to be accounted for
while formulating its equations of motion. For a point-mass

Table 2. Data for the variation of C with Ma of the G7 standard
projectile

Mach Number | Cp

0 120
0.5 119
0.6 119
0.7 120
0.8 124
0.9 146
0.95 205
1.0 .380
1.05 404
1.1 401
1.2 .388
1.3 373
1.4 .358
1.5 364
1.6 332
1.8 312
2.0 298

1.8,N02, 2022
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assumption, such that the entire mass of the projectile is
concentrated at a mathematical point, leads to the assump-
tion that lift and Magnus forces are small everywhere along
the trajectory in comparison to the drag force. Hence the
aerodynamic drag and gravity are the only significant forces
acting on the bullet.

The drag force coefficient (C;) is the proportionality
constant which relates the drag force experienced by a
moving body to its area of presentation and its velocity. The
drag force is always directed opposite to the velocity vector,
irrespective of the direction the projectile is pointing in, hence
the negative sign. If the long axis coincides with the velocity
vector in zero-yaw flight, the drag force coefficient is only
Coor the zero-yaw drag coefficient.

The aerodynamic vector is

drag given by

F_D) = — %pS Cp V'V, and the vector acceleration equation
is given by:

’ dv : .
V = I = i+ y] + V,k =
where p = density of the medium; S = reference area/area of
presentation; C, = drag force coefficient; V= velocity vector;
V = velocity magmtude 7= unit vector in the direction of the
velocity.

Hence, the Point-Mass equations of motion are as
follows:

S vy g
Pom: g

V, = —CpVY;
V, = —CpVVy—g
v, = —CpVV,
where,
r— 96D,
(p = 2m’

V= VZ+ V2+ V2,
the scalar magnitude of the velocity.

Throughout the present work, a single sign convention
and system of units has been used. The x, y and z axes are
in a right-handed coordinate system, with the positive x-axis
pointing downrange, the positive y-axis pointing vertically
upwards and the positive z-axis pointing to the right across
the range (Fig. 1).

The system of units used is the Imperial system or
the Foot-Pound-Second (FPS) system of units due to
convenience in translating available literature data for use in
the computation. Hence all muzzle velocities are in feet per
second, the acceleration due to gravity has an average value
of 32.174 ft/s? and so forth.

The Flat-Fire Approximation. The flat-fire approximation
of the point-mass trajectory equations stems from the
assumption that the components of velocity along the y
and z axes during the entire flight of the bullet are much
smaller in magnitude than the x-axis component. Thus,

7816/fm730
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gun muzzle /
trajectory origin

P

z-axis : crossrange

Fig. 1. System of axes for ballistic range [15].

V,, V, <<'V,, considering x-axis to be positive along the
downrange direction. Thus, the scalar velocity magnitude V is
approximated by V,, which reduces the point-mass equations
to the flat-fire trajectory equations, as follows:

v, = —Cpi2
V= —ChVil
v, = ~ChULY,.

The equations from the analytical solution of the flat-fire
trajectory considering a constant drag coefficient are:

t=X.(r—1)/V,.In(r).
gt 11
tang = tan g ——.[—(1+r)].
Y=Y, +X.tangp, —

- %gtz %+ r=1)1—(r— 1)-2.1n(r)] ,
where the independent variable is the downrange distance X,
time t is the independent variable and Vx, = x-component of
the muzzle velocity; Vx = x-component of the instantenous
velocity; X = instantenous position of the point-mass along the
x-axis; Y = instantenous positin of the point-mass along the
y-axis; Y, = y-component of the initial position of the point-
mass; @, = angle of firing,or the initial angle of inclination of
the velocity vector; @ = instantenous angle of inclination of
the velocity vector.

The equation of motion along the z-axis is transformed to
V, = —=CpVe(V; = W,) in the presence of a crosswind,
where W, is the crosswind velocity.

Vol 8 (2) 2022
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i y-axis : vertical dir.

projectile trajectory

point of impact

x x-axis : downrange

Mathematically, the deflection along the z-axis due to a
crosswind is given by:

7= WZ.<t—X/V;CO),

X
where t is the actual time of flight and < /Vx0> is the time
in which the bullet will travel to the same range without any
drag acting on it (i.e., in vacuum). The difference in these
two flight times is called the lag time and the crosswind
effectively can act on the bullet for this duration only.

RESULTS AND DISCUSSION

Aerodynamic Drag Coefficient

Sierra Bullets has published BC data for the range of their
manufactured bullets and those were used in the script to
get outputs of a C;, vs. Ma plot up to 4.0 Ma with reference
to the variation of C, with Mach number of the G7 standard
projectile, and also an average C; was calculated for use in
subsequent processes. BC data for B0 was extracted from
McCoy [2].

The average C; calculated are reported in the sequence
of increasing bullet weights (Table 3). The results for B0 to
Bé are presented below.

Plots for the variation of the C, with Ma are given for
bullets B0 and Bé. The behaviour of the other bullets follows
a similar trend (Fig. 2, 3).

It is observed that for the three 150 gr. Bullets (B1 —
FMJBT; B2 — HPBT; B3 — SBT) there is a progressive
increase in the average C;. As the BC data indicates, in the
subsonic regions, FMJBT has the highest BC among the
three, and the lowest C, below 1800 fps. The HPBT however,
has a lower drag coefficient than the FMJBT and the SBT in
the supersonic regime.
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Table 3. The calculated average Cj, and Sectional Density of bullets B0 to Bé

Bullet Weight (grains) Construction Sectional Density (Ibs./in?) C,,avg
B0 147 FMJ 0.221 0.2915
B1 150 FMJ 0.226 0.1508
B2 150 HPBT 0.226 0.1599
B3 150 SBT 0.226 0.1623
B4 165 SBT 0.248 0.1569
B5 168 TMK 0.253 0.1328
Bé 175 HPBT 0.264 0.1407

Note: FMJ — Full Metal Jacket; HPBT — Hollow Point Boattail; SBT — Spitzer Boattail (Soft-nosed); TMK — Tipped MatchKing [8].

Variation of Drag Coefficient with Mach Number
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Of the six chosen Sierra bullets, it is evident that the
drag coefficient shows a decreasing trend as the weight of
the bullet increases and consequently the sectional density
(150 gr. SBT (B3) [0.1623] — 165 gr. SBT (B4) [0.1569]). The
175 gr. Bullet should have the lowest C; along this trend.
However, the lowest in the group is the 168 gr. TMK (B5) as
there is a slight increase in the drag of the 175 gr. HPBT (B6)
due to the hollow point.
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The data for BCs for the bullet designated BO has been
extracted from McCoy where table of striking distance versus
velocity is given for the 7.62 mm/.308" Ball M80. The variation
in Cy vs. Ma for BO has been given in McCoy from actual
live firing data by spark photography. The average C; for the
147 gr. M80 bullet is calculated to be 0.291. The plot shows
that the form factor is greater than 1 w.r.t. the G7 standard. On
the other hand, all the Sierra bullets have i values about 0.5.
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The Point-Mass Trajectory

Referring to the 2-d plot of point-mass trajectories
above, with angle of firing 35° of the 7 bullets chosen for
observation, it is seen that BO with the highest C;,,,=0.291,
has the shortest range, while B5 (C;,,,=0.1328) travels the
farthest. Owing to the higher drag experienced by B0, its
trajectory past its apogee is steeper and consequently its
angle of impact is highest in the group at -77.263°. Similarly,
B5 has the lowest angle of impact of -72.906° and Bé is very
close at an angle of -73.008°. B0 to Bé show a sequence of
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increasing ranges as follows — B0, B3, B2, B1, B4, Bé, BS
(Fig. 4; Table &).

B2 trajectories are simulated at 20°, 30°, 35°, 45°, 50°
angles of firing. It is seen that the range increases from
20° to 30° but a subsequent increase in the angle results
in a higher apogee but a decreased range. To observe this
crossing over of trajectories, more trajectories were plotted
for firing at 15, 20, 25, 28, 30, 35, and 38 degrees (Fig. 5, 6;
Table 5). The crossover trajectories are observed to start be-
tween 28° to 30°.

Point-Mass Trajectory

2600

2500
2400
2300
2200

Trajectory height (yds.)
=
5
S
S

—— B0 with Cdrag: 0.291

—— B1 with Cdrag: 0.1508
= B2 with Cdrag: 0.1599
—— B3 with Cdrag: 0.1623
—— B4 with Cdrag: 0.1569
—— BS with Cdrag: 0.1328
—— B6 with Cdrag: 0.1407

0 500 1000 1500 2000 2500 3000

Fig. 4. Free-flight trajectory of bullets B0 to Bé, fired at 35°.

3500 4000 4500 5000 5500 6000 6500 7000 7500

Range (yds.)

Table 4. Trajectory simulation parameter outputs of B0 to B6 from the solution of 2-d Point-Mass equations of motion, V,=2800 fps

Bullet Range (yards/metres) | Apogee (yards/metres) | Time of flight (seconds)
B0 3186.740/2913.955 1211.858/1108.123 28.82
B1 5493.006/5022.804 1950.594/1783.623 36.73
B2 5245.051/4796.074 1874.473/1714.018 35.99
B3 5183.528/4739.818 1855.516/1696.684 35.80
B4 5738.268/5247.072 2025.234/1851.874 37.44
B5 6625.684/6058.525 2289.831/2093.821 39.87
Bé 6539.687/5979.889 2264.443/2070.606 39.65

2900
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2600
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2000
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1000
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Point-Mass trajectory of bullet of weight 150.0 grains with Cdrag: 0.1599

—— angle of firing: 20.0
—— angle of firing: 30.0
—— angle of firing: 35.0
—— angle of firing: 45.0
~——angle of firing: 50.0

0 500 1000

Fig. 5. B2 fired at multiple angles (a).
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Point-Mass trajectory of bullet of weight 150.0 grains with Cdrag: 0.1599
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Fig. 6. B2 fired at multiple angles (b).

Table 5. Range of free flight of B2 when fired at different angles, V;=2800 fps

Bullet | Angle of firing (degrees)

| Range (yards/meters)

15
20
25
28
30
35
38
45
50

B2

4936.238/4513.696
5191.294/4746.919
5309.688/4855.178
5328.453/4872.338
5321.757/4866.215
5245.051/4796.074
5160.387/4718.657
4860.199/4444.166
4563.071/4172.472

Point-mass equations of motion were solved with a
3-dimensional wind vector as input to observe the effects
of various directions of constant wind on the trajectory
characteristics. Bullet B2 was projected with only a tailwind

(+ve x-axis, 25fps) at 30°. It is seen that the tailwind extends
the range by around 250 yards and the angle of impact is
flattened to 67° from 70°. The time of flight is only increased
by 0.1s while the trajectory height increases by 8 yards (Fig. 7).

Point-Mass trajectory of bullet of weight 150.0 grains and Cdrag: 0.1599 with 3-dim wind vector
Range (yds.)

0 1000 2000
\ ' '

3000 4000 5000
N L '

— [Wx, Wy, W2]=0,0,0
— [wx, Wy, Wz] = 25,0,0

Fig. 7. B2 fired with no wind and only tailwind.
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Program Output

Wind =0, 0, 0 the time of flight is 32.58 s the angle of impact is
-70.22946346976369 degrees the range is: 5321.906787596593
yards the maximum height of the trajectory is: 1554.237484123316
yards the deflection in trajectory is: 0.0 yards Wind = 25, 0, 0 the
time of flight is 32.68 s the angle of impact is -67.17979848766699
degrees the range is: 5574.052637946189 yards the maximum
height of the trajectory is: 1562.7391482428018 yards the deflec-
tion in trajectory is: 0.0 yards

000T 00ZT 00¥T 0091

(spA) yb1ay Aioydafell
009 008

00%

— [Wx, Wy, Wz] =0, 0,0
—— [Wx, Wy, Wz] = 20, 0, 10
— [Wx, Wy, Wz] = 10, 0, 25
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Further trajectory plots were generated for B3 with various
combinations of wind vectors, as given below (Fig. 8; Table 6) .

Flat-Fire Trajectory

Flat-fire trajectory plots were generated for bullets BO to
Bé for a firing angle of 0.2° (12") with a muzzle velocity of
2800 fps (Fig. 9).

Similar to the point-mass trajectories, as expected, the
lowest range is covered by B0, and the maximum by B5. The

— [Wx, Wy, Wz] = 15, 12, 28
— [Wx, Wy, Wz] = 25, 20, 10

~
=]
=]

Fig. 8. B3 fired with multiple wind configurations (up-range view).

o 5] w N =
S =] =] S o
o =) S 8 S =

deviation

Table 6. B3 range and apogee for firing with various wind combinations

Bullet W, (fps) |W, (fps) |W,(fps) |Range (yards/meters) |Apogee (yards/meters) |Deviation (yards/metres)
0 0 0 5234.379/4786.316 1530.815/1399.777 528.79/483.52
20 0 10 5435.989/4970.668 1537.820/1406.182 617.96/565.06
B3 10 0 25 5337.571/4880.675 1534.947/1403.555 745.86/682.01
15 12 28 5434.904/4969.676 1571.343/1436.836 784.40/717.25
25 20 10 5568.686/5092.006 1597.872/1461.094 630.43/576.46

@
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Flat-fire trajectory
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Fig. 9. Flat-fire trajectory of bullets B0 thru Bé.
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Table 7. Flat-fire trajectory simulation parameter outputs of B0 to B6 fired at an elevation of 12, V=2800 fps

Bullet | Range (yards/meters) | Apogee (yards/meters) | Time of flight (seconds)
BO 3003.67/2746.55 303.05/277.11 14.11
B1 4937.00/4514.39 458.03/418.82 17.61
B2 4737.00/4331.51 442.80/404.89 17.30
B3 4687.00/4285.79 438.99/401.41 17.22
B4 5135.34/4695.75 472.80/432.33 17.92
B5 5838.67/5338.88 524.00/479.15 18.94
Bé 5772.00/5277.92 519.17/474.73 18.85

parameters of the trajectory obtained as the program output
are given in Table 7.

Being fired at a low angle of elevation, the apogee of the
trajectories are around 4 times shorter than when fired at
35°. The range of flights are not reduced to the same extent
however, with B0 falling short by 183 yards when compared
to its 3186.74 yards range when fired at 35°. Similarly, the
ranges of B1 thru Bé fly shorter distances than when fired
at 35°, but not to the magnitude of the shortened trajectory
heights. The time of flight of the bullet is significantly shorter
when compared to high angle of elevation firing, with the
flat-fired bullet taking around half the time as it took when
fired high at 35°.

One characteristic that is immediately evident is that
unlike the crossover of trajectories at high-angles of fire,
increasing the angles of firing from 0.05° to 0.2° causes a
progressive increase in the range (Fig. 10; Table 8), which

is termed as ‘rigid trajectory’. The change in elevation angle
causes an increase in trajectory height directly in proportion
to the range. The trajectory behaves as if it is rotating rigidly
about the origin.

3-dimensional trajectory plots are also produced to
visualise the deviation from the plane of firing due to a
constant crosswind. Bullets B0 to Bé are projected at 0.2°
with a simulated constant crosswind of 10 fps and 15 fps.
The trajectory visualisations and related trajectory parameter
outputs are given below (Fig. 11; Table 9).

Study limitations and future scope

Since, a Ballistic Testing Range was unavailable for use,
therefore, live firings of the 7.62 mm/.308" rounds could not
be conducted. The actual free-flight trajectories could not be
documented for validation against the simulated trajecto-
ries generated by the numerical solution of the equations of

Flat-Tire trajectory of bullet of weight 150.0 grains with Cdrag: 0.1539

bod

Trajectory height (yds. |

—— angle of firirg: 2.05
— argle af firirg: 2.08
—— argle at a.1
— angle of firirg: 9.1%
— angle af firing: 0.2

2500 3pon 500 4300 4500 5000

Fange Ivds.)

Fig. 10. B2 fired at multiple angles (flat-fire).

Table 8. Range of free flight for flat fire at multiple angles for bullets B2

Bullet | Angle of firing (degrees/minutes) | Range (yards/meters)
0.05/3 2870.34/2624.63
0.08/4.8 3485.34/3186.99
B2 0.1/6 3783.67/3459.78
0.15/9 4337.00/3965.75
0.2/12 4737.00/4331.51
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Fig. 11. Multiple trajectories at 15 fps crosswind (b: up-range view).
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Table 9. Deflection in trajectory for BO to Bé for two crosswind velocities

Bullet Deflection (yards/meters)

W,=10 fps | W,=15 fps
BO 36.31/33.20 54.47/49.81
B1 41.11/37.59 61.67/56.39
B2 40.76/31.27 61.14/55.91
B3 40.67/37.18 61.01/55.78
B4 41.39/37.84 62.09/56.77
B5 42.29/38.66 63.43/58.00
Bb 42.23/38.61 63.35/57.92

motion. The muzzle velocity used for the trajectory simulation
is a uniform 2800 fps, however, a velocity measurement sys-
tem would have allowed the author to simulate the trajectory
for evaluation with the actual measured muzzle velocity as
input into the program.

Furthermore, actual ballistic coefficients of the particular
bullets could not be estimated for comparison and verification
of the published data, the process of which requires multiple
velocity measurement systems or doppler radar apparatus
to measure near and far velocities of the bullet. High-speed
photography of the firing would have allowed the estimation
of the CD from data reduction. Moreover, CFD analysis could
not be carried out for the estimation of the aerodynamic
coefficients due to lack of expertise in handling CFD software
such as ANSYS Fluent and the lack of actual bullet samples and
data regarding geometric dimensions of the different bullets.
An attempt at the solution of the 6-DoF equations of motion
could not be carried out due to lack of academic expertise and
experience in the field of ballistics and range work.

Further studies along the lines of this project can be car-
ried out for the verification of the published BC data by various
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manufacturers for their products, rifle and handgun bullets
alike. Trajectories for impact at short and intermediate ranges
can be simulated, especially for the investigation of urban gun-
shot crime scenes involving firing at close ranges.

The drag coefficient can be calculated by scaling reference
drag coefficient table by an appropriate form factor of the
projectile. The form factor of a projectile can be theoretically
calculated by using its geometric dimensions, as suggested
by Savastre et al. (2020) [16] and previously by Surdu et al.
(2015) [17]. Savastre et al. report that longer ballistic caps
result in a low form factor/shape index and thus face a
lower aerodynamic drag during flight. The usual method of
calculating form factors of a bullet is by test firing a round
to measure the ballistic coefficient across various velocity
ranges, available in the form of compiled data published by
manufacturers, such as one by Sierra Bullets [10]. Reddy et
al. (2018) [18] reported their work on modelling of an AK-47
7.82 mm bullet to compute the C, at Mach 2 and the solution
of a flat fire trajectory using C++ programming. Their result
for the value of the drag coefficient has a 4% error from pre-
viously published data, and the simulated flat-fire trajectory
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has a reported error of <0.01%. The authors have also in-
vestigated the effects of change in altitude on the range and
terminal velocity of the bullet.

CONCLUSION

This project presents the numerical solution of equations
of motion of the Point-Mass model for a bullet fired from
a gun to computationally simulate its trajectory. A group of
seven 7.62 mm/.308" rifle bullets were chosen as samples to
simulate free-flight trajectories. The programming language
Python is well-equipped to carry out numerical solutions of
systems of differential equations owing to its library of in-
built functions which assists in writing an efficient script and
reduces computational load.

This method of solution can be applied with suitable
modifications in the field of forensic ballistics for the
reconstruction of bullet trajectories and to form a conclusion
based on the available evidence from a crime scene. Any forensic
ballistic expert with an understanding of the fundamental
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